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B1.

a) Use the power series method to find the general solution of the following homogeneous equation

(x2 − 1)y′′ − 6xy′ + 12y = 0.

b) Find the general solution of the non-homogeneous equation

(x2 − 1)y′′ − 6xy′ + 12y = 6x.

c) Find the solution of (b) satisfying the initial condition

y(0) = 1, y′(0) = 10.

d) Does the equation in (b) have a unique solution if the boundary conditions (instead of the initial
condition) are given as y(0) = 1, y(1) = 1? If yes, solve the boundary value problem.
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B2. Suppose A ∈ Rm×n has full rank, where m ≥ n. Let α be any positive real number.

a) (4 points) Show that
[
αI A
AT 0

] [
r
x

]
=

[
b
0

]
has a solution x that minimizes ‖Ax− b‖.

b) (4 points) Show that the largest singular value of the matrix B =

[
αI A
AT 0

]
is ‖A‖ + α and the

smallest singular value of B is the same as that of A.

c) (2 points) What is the 2-norm condition number of B in part (b) in terms of the singular values of A?
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B3. Given A ∈ Cn×n, suppose A∗ = ωA, where ω ∈ C is a complex sign, i.e., |ω| = 1. For example, if
ω = 1, then A is Hermitian; if ω = −1, then A is skew Hermitian.

a) (4 points) Show that A+ αI is normal for any α ∈ C.

b) (3 points) Show that A has a full set of orthonormal eigenvectors.

c) (3 points) Show that in the reduction to Hessenberg form, A = QHQ∗, H must be tridiagonal.
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