
Mathematical Statistics Qualifier Examination
Part I of the STAT AREA EXAM
May 25, 2022; 9:00 AM - 11:00 AM

There are 4 problems. You are required to solve them all. Show detailed work for full credit.

Academic integrity is expected of all students at all times, whether in the presence or absence
of members of the faculty. Understanding this, I declare that I shall not give, use, or receive
unauthorized aid in this examination.
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1. Let Xi, i = 1, . . . , n be independently distributed as N(α + βti, σ
2), where α, β, and σ2 are

unknown, and the t’s are known constants that are not all equal.

(a) Find the complete sufficient statistics for
(
α, β, σ2

)
.

(b) Find the maximum likelihood estimators of α and β.

(c) Show that the MLEs obtained in part (b) are UMVUEs of α and β.
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2. Suppose that X1, . . . , Xn is a random sample from the exponential distribution with pdf

f(x|θ) = θe−θx, x > 0, θ > 0.

Find the UMVUE of e−kθ for fixed k > 0.
Hint: Define

U =

{
1, X1 > k
0, X1 ≤ k.
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3. Let X1, · · · , X5 be a random sample from a distribution with pdf f(x; θ) = θx(1− θ)1−x, x =
0, 1, · · · . Consider testing H0: θ = 0.5 versus H1: θ < 0.5.

(a) Find the UMP test.

(b) Find the significance level when we reject H0 if
∑5

i=1Xi < 1.

(c) Find the significance level when we reject H0 if
∑5

i=1Xi < 0.

(d) By using the randomized test, modify the tests given in parts (b) and (c) to find a test
with significance level α = 1/8.
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4. Squid Game is a television series consisting of several survival games released in 2021 by
Netflix. The fifth game in this TV series is Glass Stepping Stones. Players have to jump their
way through a bridge consisting of 18 pairs of glass squares. For each pair of the glass squares
laid side by side, one glass square is tempered and will hold up to two players at a time, and
the square beside it is fragile and whoever jumps on it falls to their death. The tempered glass
and fragile glasses are assigned randomly in each pair. The following figure shows a possible
arrangement.
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Sixteen players numbered 1 through 16 are participating in this game. Player 1 starts crossing
the bridge, and Player i follows Player i−1, i = 2, · · · , 16 by advancing to the pair of stepping
glasses right behind Player i. A player has to make a blind guess between the two glasses when
this person is the first one to advance to the next pair of stepping glasses. With this game,
each of the 16 players does not have equal advantage. The first player has no prior knowledge
of which side to take, whereas the last player has seen 15 players make the right or wrong
decision, making their challenge simply to get over the bridge in time. Three players survived
at the end of the game. Find the probability that at least 3 players survive after this game.
A standard normal distribution table is given on the last page, and the values of square roots
are given below. For example,

√
8.7 = 2.95 according to this table. (Hint: You can use the

Central limit Theorem. Continuity correction is required.)

Table:
√
a

a 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0 0.00 0.32 0.45 0.55 0.63 0.71 0.77 0.84 0.89 0.95
1 1.00 1.05 1.10 1.14 1.18 1.22 1.26 1.30 1.34 1.38
2 1.41 1.45 1.48 1.52 1.55 1.58 1.61 1.64 1.67 1.70
3 1.73 1.76 1.79 1.82 1.84 1.87 1.90 1.92 1.95 1.97
4 2.00 2.02 2.05 2.07 2.10 2.12 2.14 2.17 2.19 2.21
5 2.24 2.26 2.28 2.30 2.32 2.35 2.37 2.39 2.41 2.43
6 2.45 2.47 2.49 2.51 2.53 2.55 2.57 2.59 2.61 2.63
7 2.65 2.66 2.68 2.70 2.72 2.74 2.76 2.77 2.79 2.81
8 2.83 2.85 2.86 2.88 2.90 2.92 2.93 2.95 2.97 2.98
9 3.00 3.02 3.03 3.05 3.66 3.08 3.10 3.11 3.13 3.15

5



Answer to Question 4:
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